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Abstract 

Given a 0-connective motivic spectrum E £ SH(fe) over a perfect field 
k, we determine /i 0 of the associated motive ME £ DM(fc) in terms 
of t£o(E). Using this we show that if k has finite 2-etale cohomological 
dimension, then the functor M is conservative when restricted to the sub¬ 
category of compact spectra, and induces an injection on Picard groups. 
We extend the conservativity result to fields of finite virtual 2-etale coho¬ 
mological dimension by considering what we call “real motives”. 

As a by-product we reprove a variant of a rigidity Theorem of Rondings- 
0stvaer. 


1 Introduction 

In classical topology, the study of the stable homotopy category SH is greatly 
facilitated by considering the singular chain complex functor C* : SH — > D(Ab). 
There are at least two ways of making this statement concrete. Firstly, if 
E £ SH is a connective spectrum (has only finitely many non-vanishing neg¬ 
ative stable homotopy groups) and C*E ~ 0, then actually E ~ 0. We call 
this the conseravitivity theorem. Secondly, recall that a spectrum E is called 
invertible if there exists a spectrum F such that E A F ~ S (S the sphere 
spectrum). The set of equivalence classes of invertible spectra forms an abelian 
group denoted Pic(SH); similarly we have the group Pic(D(Ab)). The func¬ 
tor C* induces a homomorphism Pic(SH) — > Pic(D(Ab)) which is injective. 
(It follows then quickly that it is an isomorphism, since Pic(D(Ab)) is easy to 
determine.) We call this the Pic-injectivity theorem. Both of these results fol¬ 
low from the Hurewicz Theorem: recall that E £ SH is called 0-connective if 
TTi(E) = 0 for all i < 0, where 7q denote the stable homotopy groups. We may 
also associate with E its homology groups Hi(E ) := Hi(C*E). The Hurewicz 
Theorem states that if E is 0-connective then Hi(E ) = 0 for all i < 0 and that 
there is a natural isomorphism ttq(E) = Hq(E). 

A natural question is how to extend these results to the motivic world. Re¬ 
call that in this world, for every perfect field k (at least) we define a category 
SH(fc) analogous to SH, but starting with smooth varieties as building blocks 
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instead of topological spaces. One would then like to find a nice category C(k) 
analogous to D(Ab) and prove a conservativity and Pic-injectivity theorem for 
a functor SH(fc) —>• C(k). The first such result has been obtained by Morel. Re¬ 
call that Morel, Ayoub and others have defined and studied a category D A 1 (fc) 
and a functor C* : SH(fc) — > D A i(k), see for example (TU Section 5.2]. Both 
the categories SH(fc) and D A i(k) afford a f-structure, and C'* induces an iso¬ 
morphisms of the hearts. Let us write 7 t^E) for the homotopy objects of a 
spectrum E £ SH(fc) in this t-structure, and hf i (E ) for the homotopy objects 
of G*E. Then Morel has proved that for O-connectve E one has 7r 0 (E) = h! 0 (E) 
El Theorem 6.37]. This is a perfect analog of the classical Hurewicz theorem, 
and the conservativity and Pic-injectivity theorems follow in the same way as 
classically. 

The problem with this formulation is that the category D A 1 (k) seems to be 
very hard to study. Moreover Voevodsky has constructed the category DM(fc) 
which feels like a more traditional candidate for a Hurewicz theorem. But even 
though DM(fc) affords a ^-structure, and there is a nice functor M : SH(fc) —>• 
DM(fc), the hearts of SH(fc) and DM(fc) are definitely not equivalent, so some 
new idea is needed. Write h^E) for the homotopy objects of ME for E £ 
SH(fe). Suppose E £ SH(fc) is O-connective. Our first contribution is to identify 
h 0 (E). 

Theorem (Compare Theorem fill 1. Let E £ SH(fc) be O-connective. Then in 
notation to be explained later, we have 

h 0 {E) = TLo(E)/r). 

Here we use implicitly that the heart of DM(fc) can be identified with a 
subcategory of the heart of SH(fc). This theorem shows that we lose some 
information in passing to the motive, and so cannot expect a perfect analogy 
with the classical situation. Nonetheless we can prove the following. 

Theorem (Compare Theorem fl5ll. Let k be a perfect field of finite 2-etale 
cohomological dimension and E £ SH(fc) be compact. If ME ~ 0 then E ~ 0. 

Additionally, the induced homomorphism Pic(SH(/c)) —> Pzc(DM(fc)) is 
injective. 

(Recall that an object is called compact if HomsH(fc)(Pj •) commutes with 
arbitrary sums.) The theorem as stated here is not optimal. In characteristic 
zero, the compactness assumption can be replaced by the technical assumptions 
of connectivity and slice-connectivity. In characteristic p > 0 we can also replace 
compactness by connectivity and slice-connectivity, but in this case we must 
additionally assume that the natural map E A- E is an isomorphism. 

If A: is a non-orderable field (i.e. one in which -1 is a sum of squares; we still 
assume k perfect), then one may present k as a colimit of perfect subfields with 
finite 2-etale cohomological dimension, and the theorem can then be deduced for 
such k, compare {2]. Compactness instead of connectivity and slice-connectivity 
is then essential, however. 
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The author currently does not know how to alleviate the perfectness assump¬ 
tion on k. 

The remaining natural weakening is to consider orderable k , i.e. such fields 
where -1 is not a sum of squares. (Such fields necessarily have characteristic 
zero.) Assume for simplicity that k can be embedded into R. Write Sper{k ) 
for the set of orderings of k (equivalently in this case, embeddings k R). If 
a £ Sper(k ), then there is a so-called real realisation functor P® : SH(fc) —> SH, 
related to considering the real points of a smooth variety, with their strong 
topology. We compose this with the singular chain complex functor to obtain 
the real motive : SH(fc) — > D(Ab). We can further consider homology with 
Z[l/2] coefficients and obtain M®[l/2] : SH(fc) —»• _D(Z[l/2]). We may then 
prove the following. 

Theorem (Compare Theorem 13111. Let k R be a field of finite virtual 2-etale 
cohomological dimension and let E £ SH(fc) be connective and slice-connective. 
If 0 ~ ME £ DM(fe) and additionally for all a £ Sper(k), 0 ~ M^\1/2](E) £ 
D{ Z[l/2]), then in fact E~ 0. 

We point out right away that this theorem does not include a Pic-injectivity 
result; in the current form such a result seems unlikely to hold. The conditions 
on k can again be relaxed. It turns out that for any orderable field k and or¬ 
dering a £ Sper(k), one may define a functor M®[l/2] : SH(fc) —> D(Z[l/2]) 
analogous to the real motive functors for k C R; we still call them real motives. 
The theorem holds for all k of characteristic zero and finite virtual 2-etale coho¬ 
mological dimension, with the new definition of M®[l/2]. Details are explained 
before the proof of Theorem [311 One may also show that any orderable field is 
a colimit of orderable fields of finite virtual 2-etale cohomological dimension, so 
the theorem holds for arbitrary orderable fields, assuming that E is compact. 
See again Bondarko’s work [2]. 

A word on applications. In the classical situation, Pic-injectivity immedi¬ 
ately implies that Pjc(SH) = Z. In the motivic case, results are not nearly as 
strong, mainly because not much is known about Pic(DM(fc)). However, com¬ 
bining conservativity and Pic-injectivity, many problems about (potentially) 
invertible objects in SH(fc) can be reduced to analogous questions in DM(fe). 
A prototypical example is as follows (where SH(/c) e is the category of objects 
on which the exponential characteristic e is invertible): 

Proposition. Let E,F £ SH(fc)' pi and suppose that cd 2 (k) < oo. Then E,F 
are isomorphic invertible objects if and only if ME, MF are. 

Proof. It is clear that if E ss P are invertible, then so are ME,MF. We show 
the converse. 

Since M is a tensor functor between rigid tensor categories, it preserves 
duals. Consider the natural map DE A E ^ lsH(fc). If ME is invertible, 
then Mol is an isomorphism, and hence so is a, by conservativity. Thus E is 
invertible. Similarly for F. But now E,F £ Pic(SH(fc)) and E s=s F if and only 
if ME « MF, by Pic-injectivity. □ 
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The conjectures by Po Hu on invertiblity of Pfister Quadrics, as stated in 
pTj Conjecture 1.4], can be cast in this form. We shall establish the analog of 
Hu’s conjecture in DM(fc) in a forthcoming article. Together with the results 
of this work, this establishes Hu’s conjecture for SH(fc) whenever k has finite 
2-etale cohomological dimension. 

If one only wishes to show that an object is invertible, we do not need Pic- 
injectivity. For example, a natural idea is that the reduced suspension spectrum 
of any smooth affine quadric Q should yield an invertible object in SH(fc). By 
arguments as in the above proposition, using the two conservativity theorems, it 
follows that it suffices to show that MQ is invertible and that for every ordering 
<r of k, M^[1/2]Q is invertible. The former question is purely about motives, and 
dealt with in the same forthcoming work mentioned above. The latter question 
is purely topological and very easy. Thus we conclude: if k is any perfect field 
and Q any smooth affine quadric over fc, then T,°°Q is invertible in SH(fc) e . 

Here is a detailed description of the organisation of this paper. In section [2] 
we prove a general result about f-categories and certain functors between them, 
which we call the abstract Hurewicz Theorem. It will be our replacement for the 
classical Hurewicz Theorem. 

In section[3] we recall the construction of SH(fc) and DM(fc) with the appro¬ 
priate f-structures. We show how to combine the abstract Hurewicz Theorem 
with a foundational result of Deglise to deduce our motivic Hurewicz Theorem. 

In section [I] we study the heart of the category SH(fc) in more detail. It is 
also known as the category of homotopy modules. We combine the careful study 
of Morel of strictly invariant sheaves with Levine’s work on Voevodsky’s slice 
filtration to show that every homotopy module H affords a canonical filtration 
F m built using the unramified Milnor-Witt K-theory sheaves K^ w . Combined 
with Voevodsky’s resolution of the Milnor conjectures, we can prove the con¬ 
servativity theorem for k of finite 2-etale cohomological dimension and with the 
exponential characteristic inverted. 

In order to remove the need to invert the exponential characteristic, one uses 
a very similar (probably identical) filtration F m H. In this section we only state 
its properties; the actual construction is relegated to an appendix. 

The Pic-injectivity theorem is obtained as an easy consequence of the con¬ 
servativity results. 

The rest of the paper deals with the case of orderable fields. Using meth¬ 
ods very similar to the unorderable case, one shows: if E is connective and 
slice-connective and AdE ~ 0, then 2 is invertible on E. This is the crucial 
insight of Bondarko. (This is where we need finite virtual 2-etale cohomological 
dimension.) 

In section[5]we tackle the problem of building a conservative functor for spec¬ 
tra on which 2 is invertible. We consider a certain ring spectrum .EM W*, [1/2] 
and consider the category of modules over of it; its homotopy category is de¬ 
noted UMWfc[l/2]-Mod. It has already been studied in [Tj. An easy argu¬ 
ment using the abstract Hurewicz theorem shows that if ATE cs 0 and also 
E A EMWk[ 1/2] cs 0, then E ~ 0. Consequently from now on we concen¬ 
trate on studying the category EMW*, [l/2]-Mod. Using ideas from [T2j we 
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show that this category satisfies descent in the “real etale topology” in an ap¬ 
propriate sense. This allows us to assume that k is real closed. Using ideas 
from semi-algebraic topology, we prove that the category EMWu{ l/2]-Mod is 
actually independent of the real closed field k, and that £MWi[l/2]-Mod is 
canonically (vial real realisation) equivalent to _D(Z[l/2]). Putting all of these 
facts together, we obtain the conservativity theorem for orderable fields. 

The paper concludes with two appendices. In appendix [A] we recall some 
well-known results about compact objects in abelian and triangulated categories. 
In appendix [B] we construct the missing filtration F, mentioned earlier. (The 
results from appendix[A]are needed to establish that the filtration is finite.) This 
appendix is essentially a long and detailed computation with strictly homotopy 
invariant sheaves. As a bonus, we can reprove a version of rigidity for torsion 
objects in motivic homotopy theory [26], compare Corollary [44] 

The author wishes to thank Fabien Morel for suggesting this topic of inves¬ 
tigation and providing many helpful insights. He also wishes to thank Mikhail 
Bondarko for useful discussions, and in particular for showing to him Lemma 

m 

2 The Abstract Hurewicz Theorem 

In this short section we prove an abstract result about t-categories. It is (we 
feel) so natural that it has probably occurred elsewhere before. We also include 
some well-known results. Since all proofs are short and easy, we include them 
for the convenience of the reader. 

We first review some notations. The most important thing to point out is 
that we use homological notation for i-categories, whereas most sources, such 
as the excellent [5] Section IV §4], use cohomological notation. The usual rein¬ 
dexing trick {E n O E~ n ) can be used to translate between the two. 

In more detail, a t-category is a triple (C,C<o,C>o) consisting of a trian¬ 
gulated category C and two full subcategories C<o,C>o C C satisfying certain 
properties. One puts C<„ = C<o[n] and C>„ = C>o[n]. The inclusion C< n c —t C 
affords a left adjoint denoted E H > E< n . Similarly the inclusion C>„ C has a 
right adjoint denoted E i—>• E> n . Both are called truncation. 

The full subcategory C = C>o 0 C<o turns out to be abelian. It is called 
the heart of the t-category C. The homotopy objects are 7 Tq (E) = (E< o)>o ~ 
(-U>o)<o e C 9 and nf(E) = 7if (£[-*]). 

One has many more properties. For example C> n D C>„+i, C< n C C< n + 1 , 
there are functorial distinguished triangles E> n — > E —> £?<„_i, the functor tt * 
is homological (turns distinguished triangles into long exact sequences), etc. 

Recall that a triangulated functor F : C —> V between t-categories is called 
right-t-exact (respectively left-t-exact) if F(C>o) C (respectively if F(C<o) C 
V< o)- It is called t-exact if it is both left and right t-exact. 

If F : C —> V is any triangulated functor between t-categories, then it induces 
a functor F^ : C* -)• D' 9 , E M- ir^FE. 


5 


For computations, we often write [A, B\ instead of Home (A, B). We also 
note that the axioms for t-categories are self-dual. Passing from C to C° v turns 
left-t-exact functors into right-t-exact functors, etc. 

The notions of left and right i-exactness are partly justified by the following. 

Proposition 1. Let M : C T> : U be adjoint functors between t-categories, 
with M right-t-exact and U left-t-exact. Then 

: C® VP : U 

is also an adjoint pair. In particular M^ is right exact and U^ is left exact. 
Proof. Let A G C^,B £ TP. We compute 

[M*A,B} = [tt^MA,B] = [(MA)<o,B\ = [MA, B] 

= [A,UB\ ( = [A,(UB)> o] ( = [A,tt$UB\ ( = [A,U*B\. 

Here (1) is by definition, (2) is because A £ C>o and so MA £ V> 0 by right-t- 
exactness of M, and (3) because B G V< 0 . Equality (4) is by adjunction, and 
finally (3’), (2’), (1’) reverse (3), (2), (1) with M gg U, left GG right, etc. □ 

The following lemma is a bit technical but naturally isolates a crucial step 
in the proofs two following results. 

Lemma 2. Let M : C V : U be adjoint functors between t-categories. If M 
is right-t-exact (respectively U left-t-exact) then there is a natural isomorphism 
( UE)> n « ( UE> n )> n (respectively (. ME)< n « (. ME< n )< n ). 

Proof. By duality, we need only prove one of the statements. Suppose that U 
is left-t-exact. We compute for T G T>< n 

[( ME)< n ,T] ( = } [. ME,T} ( = } [ E,UT} 

= [E< n ,UT] ( = } [ME< n ,T\ ( => [(ME< n )< n ,T], 

Since all equalities are natural, the result follows from the Yoneda lemma. Here 
(1) is because T £ T>< n , (2) is by adjunction, and (3) is because U is left-t-exact 
so UT G C< n . □ 

With this preparation, we can formulate our theorem. 

Theorem 3. Let M : C <=^ D : U be adjoint functors between t-categories, such 
that M is right-t-exact and U is left-t-exact. Then for E G C>o there is a natural 
isomorphism 

7 t^ME « M^n^E. 

Proof. We have 

M^ttqE = tt^Mtt^E = tt£ME< 0 = (ME< 0 )< 0 = (ME)< 0 = n^ME. 

This is the desired result. Here (1) is because E G C>o, (2) is because M is 
right-t-exact, and (3) is because of Lemma [2] applied to left-t-exactness of U. □ 
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This has the following useful corollary. 

Corollary 4. In the above situation, if (or ) is an equivalence of cat¬ 
egories, and the t-structure on C is non-degenerate, then the functor F is con¬ 
servative for connective objects. 

Proof. If X G C> n and FX = 0 then F^{re c n X) = n^FX = 0, so X G C> n+1 . 
Iterating this argument we find that 7rfX = 0 for all i and so X = 0 by non¬ 
degeneracy of the t-structure. □ 

For convenience, we also include the following observation. 

Lemma 5. Let M : C V : U be adjoint functors between t-categories. If M 
is right-t-exact (respectively U left-t-exact), then U is left-t-exact (respectively 
M right-t-exact). 

So in applying the theorem only one of the two exactness properties has to 
be checked. 

Proof. By duality it suffices to prove only one of the statements. So assume 
that M is right-t-exact and let E G V<o- We need to show that UE G C<o- 
Because of the distinguished triangle (UE)>i —>• UE —> ( UE)< 0 it suffices to 
show that (UE)>i = 0. But by Lemma H the right-t-exactness of M implies 
that ( UE)>i = (UE> i)>i = 0 (since E G V<o). □ 

To illustrate these rather abstract results, we show how to recover the classi¬ 
cal Hurewicz theorem for spectra. For this, we consider understood the functor 
C* : SH —>• D(Ab) and the respective f-structures. We write m = 7rf H ,IL = 
T_v:(Ab), gj nce q* commutes with arbitrary sums (wedges), it affords a right 
adjoint U , by Neeman’s version of Brown representability. Since C*S = Z[0] is 
projective, an easy computation shows that 7r ,UC = HiC for any C G D{Ab). 
Thus U is f-exact (it is in fact the Eilenberg-MacLane spectrum functor). 
From Lemma [5] and Theorem [5] we conclude now that for E G SH>o we have 
ttqE = HqE (recall that Cf is an isomorphism). 


3 The Case of Motivic Homotopy Theory: The 
Motivic Hurewicz Theorem 

In this section we shall work with a fixed perfect ground field k. 

We now show how to apply the results of the previous section to motivic 
homotopy theory. This mainly consists in recalling definitions and providing 
references. 

First we need to construct SH(/c) and DM(fc). We follow [23 Section 2]. Let 
Sm(k) be the category of smooth schemes over the perfect held k and Cor(k) 
the category whose objects are the smooth schemes and whose morphisms are 
the finite correspondences. We write Sh.v(k) (respectively Shv tr (k )) for the 
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categories of Nisnevich sheaves. Write R : Sm(k) —> Shv(k) and R tr : Cor{k) —» 
Shv tr (k ) for the functors sending an object to the sheaf it represents. 

There is a natural functor M : Sm(k) — > Cor(k ) with M(X) = X and 
M(f) =Tf , the graph of /. This induces a functor U : Shv tr (k ) —> Shv(k) 
via ( UF)(X ) = F(MX). There is a left adjoint M : Shv(k) —> Shv tr {k) to U. 
It is the unique colimit-preserving functor such that M(RX) = R tr (X). Write 
Shv*(k) for the category of pointed sheaves. Then there is R + : Sm(k ) —>• 
Shv*(k) obtained by adding a disjoint base point. The objects in U(Shv tr (k )) 
are canonically pointed (by zero) and one obtains a new adjunction Ad : Shv*(k) 
Shv tr (k) : U 

We can pass to simplicial objects and extend M and U level wise to obtain 
an adjunction M : A op Shv*(k) A op Shv tr (k) : U. We denote by Spt(k) the 
category of 5 2,1 := S 1 AG m -spectra in A op Shv*(k) and by Spt tr (k) the category 
of M(S 2,1 )-spectra in A op Shv tr (k). The adjunction still extends, so we obtain 
the following commutative diagram. 


Sm(k ) - 

R+ 

Shv*(k) 


M 


-» Cor(k) 


M 


Rtr 


* Oh.,tr 


Shv tr (k) 


u 

M 


A °PShv*(k) A °PShv tr {k) 

zj" 


M 


Spt(k) 


Spt tr (k) 


(Compare also [TUJ Diagram (4.1)].) One may put the projective local model 
structures on the four categories in the lower square and then the adjunctions 
become Quillen adjunctions, so pass through localisation. Contracting the affine 
line yields the AMocal model structures. The homotopy category of Spt{k) (in 
this model structure) is denoted SH(fc) and is called the motivic stable homo¬ 
topy category. Similarly the homotopy category of Spt tr {k) is denoted DM(fc). 
It is essentially a bigger version of the category constructed by Voevodsky, as 
explained in [251 Section 2]. We have thus the following commutative diagram. 

Sm(k) —^-t- Cor(k ) 

2°°(»+) 

- M 

SH(fc) DM(fc) 
u 

We recall that M (in all its incarnations) is a symmetric monoidal functor. 

Next we need to define f-structures on DM(fc) and SH(fc). For E € SH(fc) 
(respectively E £ DM(fc)) let n i (E)j (respectively hi{E)j) be the sheaf on 
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Sm(k) (respectively on Cor(k)) associated with the presheaf V [S°°(V+) A 
S i , A E]. Put 

SH(fc)> 0 = {E £ SH(jfc) : tt<(£?),- = 0 for * < 0 and j e Zj 
SH(fc)< 0 ={Be SH(fe) : n i (E)j = 0 for i > 0 and j £ Z}, 

and similarly for DM(fc). By [TS] Section 5.2] this defines a f-structure on SH(fc) 
called the homotopy t-structure. It is also true that DM(fc)<o, DM(fc)>o define 
a t-structure. This can be seen by repeating the arguments of ma Section 
2.1] for DM(fc), noting that the connectivity theorem for DM(/c) follows from 
Voevodsky’s cancellation theorem. 

With all this setup out of the way, we can prove the result of this section. 

Lemma 6. The functor U : DM(fc) —> SH(fc) is t-exact. In fact for E £ 
DM(fc) we have n i (UE)j = UQi^Ejj) and U : Shv tr (k) —»■ Shv(k) detects zero 
objects. 

Proof. It follows from the definitions of the f-structures that we need only prove 
the “in fact” part. Let irf re (E)j be the presheaf V >->■ [E°°(V r + ) A S\G J m A 
E], and similarly for h I ’ re {E)j. Then writing also U : PreShv(Cor(k)) —> 
PreShv(Sm(k )) we get immediately from the definitions that U(h% re (E)j) = 
T£% re (UE)j. So we need to show that U : PreShv(Cor(k)) —»■ PreShv(Sm(k )) 
commutes with taking the associated sheaf. This is well known, see e.g. m 
Theorem 13.1]. □ 

Corollary 7 (Preliminary form of the Motivic Hurewicz Theorem). Let E £ 
SH(fc)>o- Then ME £ DM(fc)>o andh^ME)* = (jtq^E)*). 

Here 7 r 0 (i?)* denotes the homotopy object in and similarly for 

h 0 (ME)*. 

Proof. We know that M is left adjoint to the t-exact functor U. Hence M 
is right-t-exact by Lemma [5] Thus ME £ DM(fc)>o, and the result about 
homotopy objects is just a concrete incarnation of Theorem [3] □ 

Next we explain how to identify M ^ : SH(fc)^ — > DM(fc) < ' ? . To do this, 
recall the Hopf map A 2 \{0} —» P 1 . In SH(fc) we have the isomorphism E°°(A 2 \ 
{0}) ~ E°°(P 1 A G m ) and hence this defines a stable map r) : E°°((G m ) —> S, 
where S is the sphere spectrum E °°(Spec(k)+). If F £ SH(fc)^ we put F(n) := 
7 T 0 (F AG^”). Consequently there is a natural map r]p = tLo^AhIf) : F(l) —> F. 

An important observation is that M ( 77 ) is the zero map. One may show 
that this implies that for F £ DM^)^, we have 0 = iyjF '■ UF{ 1) —> UF. 
We denote by SH(fc ) c ' ? ’ ?,=0 the full subcategory of consisting of objects 

F £ SH(k)^ with r) F = 0. 

Theorem 8 (Deglise [1]). Let k be a perfect field. The functor U : DMflj 15 —> 
SH(fc )' :? ’ ?,=0 is an equivalence of categories. 
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Proof. Modulo identifying SH(fc) <:? = II* (k) and DM(fc)^ = II* r (fc) this is 
Theorem 1.3.4 of Deglise. The first identification is explained in m Theorem 
5.2.6]. The second one is obtained by adapting Morel’s proof. □ 

Corollary 9. For F £ we have UM^F = F. 

Proof. By the theorem we may write F = UF'. Using the fact that is left 
adjoint to U (= U t ' ? ) by proposition [T] we compute [M^F,T] = [M^UF' ,T] = 
[UF',UT\ = [F',T], where the last equality is because U is fully faithful (by 
the theorem). Thus M^F = F' by the Yoneda lemma, and finally UM^F = 
UF' = F. □ 

Corollary 10. For F £ SH(fc)^ we have UM^I^F) = F/r), where F/r) denotes 
the cokernel of r/p : F( 1) —F in the abelian category 

Proof. We have the right exact sequence 

F{ 1) F/r] -r 0. 

Since M ^ is left adjoint it is right exact. Also U is exact, so we get the right 
exact sequence 


UM^F{ 1) UM^F ->■ UM^{F/rf) -»• 0. 

The first arrow is zero and UM^{F/rj) = F/r] by the previous corollary (note 
that F/r) £ SH(fc) (? ' ,|=0 ). The result follows. □ 

We thus obtain the Hurewicz theorem. 

Theorem 11 (Final Version of the Motivic Hurewicz Theorem). Let k be a 
perfect field and E £ SH(A;)>o. 

Then ME £ DM(fc)>o and modulo the identification o/DM)^)^ as a full 
subcategory o/SH(fc) < ' ? (via Theorem 01 we have 

hoiME )* = lLo(E)*/ri. 

Proof. Combine Corollary [7] with Corollary [TO] □ 


4 Homotopy Modules and the Slice Filtration 

In essentially all of this section, the base field k will be assumed perfect. We 
restate this assumption with each theorem, but not necessarily otherwise. 

We now study in more detail the heart SH(fc) <? . First recall some notation. 
By Sm(k) we denote the symmetric monoidal category of smooth varieties over 
a field k. monoidal operation being cartesian product. We write Shv(k) for 
the abelian closed symmetric monoidal category of sheaves of abelian groups 
on Sm(k) in the Nisnevich topology. The monoidal product comes from the 
ordinary tensor product of abelian groups. There is a natural functor Z* : 
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Sm(k) —> Shv(k) sending a smooth variety to the sheaf it represents. One has 
ZX ® ZY k, Z(X x Y ), i.e. Z* is a monoidal functor. 

If X £ Sm(k) and i £ X is a rational point, there is a natural splitting 
ZX « Z (Spec(k)) ®Z(X,x) (defining the last term). We put ZG m = Z(A* \ 
{0}, 1). An easy computation shows that for any F £ Shv(k), U £ Sm(k) one 
has a natural splitting F(U x G m ) = F(U) ® LIF(U) (defining the last term). 
In fact 12 F is easily seen to be a sheaf. One verifies without difficulty that 
f IF « Hom fZGm, F). (Where Horn denotes the right adjoint of <g>.) In other 
works the notation OF = F_i is often used; we avoid this for sake of clarity. 

A sheaf F £ Shv(k) is called strictly A 1 -invariant (or strictly invariant if 

the context is clear) if for all U £ Sm(k),n £ N the natural map H^ is (U, F ) ^ 
H^iisiU x A 1 ,F) is an isomorphism. The full subcategory of Shv(k) consisting 
of strictly invariant sheaves is denoted HI(fc). 

By a homotopy module we mean a collection F* £ HI(fc), * £ Z together with 
isomorphisms F n flF n+ i. A morphism of homotopy modules /* : F* — > G* is 
a collection of morpliisms /„ : F n —> G n such that Qf n +i = f n under the natural 
identifications. We denote the category of homotopy modules by HI*(fc). We 
study it because of the following result. 

Theorem 12 (Morel [15], Theorem 5.2.6). Let k be perfect and E £ SH(fc). 
Then for each n £ Z, the collection 7r„(F)* is a homotopy module. The functor 
SH^fc) 17 —> HI,(fc),F 7 t 0 (F), is an equivalence of categories. 

In particular the category HI, (A:) is abelian. We can clarify the abelian 
structure as follows. Recall that HI(fc) is the Heart of the S' 1 -stable A 1 - 
homotopy category nn Lemma 4.3.7 2)]. By construction, the inclusion HI(fc) —> 
Shv(k) is exact. This means that for any morphism of strictly invariant sheaves, 
the kernel and image (computed in Shv(k)) are strictly invariant. Finally the 
functor : HI,(fc) —»• HI(fc), F* F n is also exact. 

Homotopy modules have a lot of structure. The zeroth homotopy module of 
the sphere spectrum is denoted K^ IW := ^(5), and called unramified Milnor- 
Witt K-theory. It has been explicitly described by Morel m Chapter 3]. For 
n > 1 there exist natural surjections ZG®" -» . Let F* £ HI*(fc), m £ Z. 

The isomorphism flF m w F m _i induces by adjunction a pairing ZG m ®F m _i —>• 
F m . It turns out that this pairing factorises through the surjection ZG m -» 

j^-MW 

Now quite generally given any three sheaves F, G, H there exists a natural 
map Hom(F, G) <g> H —>• Hom (F, G®H). Thus the pairing Kff IW ® Fm F m+ 1 
induces VL 2 Kjf w ® F m —> H 2 F m+ i, i.e. KffW ® F m — > F m -\. The graded 
ring sheaf K^ IW is generated by Kff IW and r) £ K _ M ^ V , so there is at most one 
possible extension of these two pairings to a total pairing K_* IW ® F* —>• F* + *. 
It turns out that this paring always exists. In fact HI* (k) w SH(fc) c:? inherits a 
tensor structure we denote A to avoid confusion. For any F, G £ HI, (k) there 
exists a natural map F n ® G m A (FA G) n+m . Since = 7£o(S)* is the 

unit object, we obtain a pairing K^ w ® F m — y (K_ AIW a F) n+m « F n+m . One 
may prove that these two pairings just constructed coincide. 
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Homotopy modules also have transfers. For this, denote by Fk the category 
of fields of finite transcendence degree over k. If L £ Fk (or more generally 
L essentially smooth over k) and F £ Shv(k ), then F(L) can be defined by 
an appropriate colimit. If L'/L is any finite extension (still L £ Fk), n £ Z 
and T* £ HI*(fe), then Morel has constructed the cohomological transfer (211 
Chapter 4] tr L , /L : F n (L') ->• F n (L). 

If F is a strictly invariant sheaf then F is unramified |20l Lemma 6.4.4] (in 
particular for connected X £ Sm(k), the natural map F(X) —> F(k(X)) is 
injective). Thus F = 0 if and only if F(L) = 0 for all L £ Fk- Since HI(fc) is 
abelian it follows that if F is a strictly invariant sheaf and G, H C F are strictly 
invariant subsheaves, then G = H if and only if G(L) = H(L) for all L £ Fk- 
Now let F ® G —> H be a pairing, where H is a strictly invariant sheaf with 
transfers. We shall write 


(FG) tr (L) := (tr L , /L (F(L’)G(L'))) L , /L finite C H(L). 

It follows from the above discussion that there exists at most one strictly in¬ 
variant sheaf ( FG) tr C H with the above sections over fields. 

Now recall the slice filtration ED Section 2], Write SH(fc) e// (i) for the lo¬ 
calising subcategory of SH(fe) generated by (£°°X-|_) A G ^ 1 for all X £ Sm(k). 
The inclusion SH (k) e ^ (i) '—>• SH(fc) e -“ commutes with arbitrary sums by con¬ 
struction and so affords a right adjoint /,; by Neeman’s version of Brown repre- 
sentability. The object fiE is called the i-th slice cover of E. It is easy to see 
that there is a commutative diagram of natural transformations 

fi -* fi -1 

1 I 

id id. 

We call E such that E £ SH(i) e ^(n) for some n (equivalently E = f n E) 
slice-connective. 

Suppose that E £ SH(fc)> 0 - We want to define a filtration on 7 i 0 (E)*. We 
shall put 

F N tt q {E )* := im.(n 0 (f- N E )» -A- 7 £jo(E)*) C 7 r 0 (22)*. 

There is now the following interesting result. (We caution that Levine uses 
somewhat different indexing conventions than we do.) 

Theorem 13 (Levine [13], slightly adapted Theorem 2). Let k be a perfect field 
of characteristic different from 2 and E £ SH(fc)>o- Then for m > i and any 
perfect field extension F/k we have 

{F i 7r 0 (E)^) m (F) = (K*^i n J 0 (E) i ) tr (F). 

(Image computed in the abelian category HI*(fc). / ) 

Note that if k has characteristic zero, then the above Theorem implies that 
the (unique) sheaf (iLm-iHo(^)i) tr exists. In characteristic p > 0 the result is 
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not quite strong enough, but it is good enough if we invert p. In appendix [B] 
we prove the following variant. 


Theorem 14. Let H * G HI*(fc) be a homotopy module over the perfect field k. 
(1) The sheaf (K^f w H m ) tr C H n+m exists for all m G Z, n > 0. 


(2) We have that {K™ w H m ) tr = Q{K^ H ™) tr C H n+m for all m G Z, n > 0. 
Put 


MW 



(3) ( F n H )* is a homotopy submodule of H*. 


(4) If H = Ejq{E)*, f or E G SH(fc)^p, then the filtration F m H is finite: there 
exists N >> 0 with FnH = H. 

What this theorem says is that even though we may not be able to un¬ 
derstand the hltration F.H , we can construct a different filtration F,H which 
agrees on perfect fields. There is one set-back compared to Levine’s theorem: 
the hltration F m H is completely algebraic, not geometric in origin. In particular 
if E £ SH(/;) e ^(-JV’)>o for some N (i.e. E is slice-connective), then it is im¬ 
mediate that Fn'EqE* = 7T 0 If*, but we do not have such a nice characterisation 
for F m . However compare (4) of the Theorem. 

We can hnally prove our hrst conservativity theorem. 

Theorem 15 (Conservativity I). Let k be a perfect field of finite 2-etale coho- 
mological dimension and expenontial characteristic e, and E G SH(fc). Assume 
that either (a) E G SH(fc) e is connective and slice-connective, or (b) E is com¬ 
pact. 

Then if ME = 0 also E = 0. 

More specifically, if either (a) or (b) holds, and ME G DM(fc)>„ then also 

Eesu(k)> n . 

Proof. We shall prove: if A' G SH(fc)>„, (a) or (b) holds, and h n (MX )* = 0 
then X G SH(fc)>„+i. This is the “more specincally” part. It follows that if 
actually MX = 0 then n i (X)j = 0 for all i and j and so A ~ 0, since weak 
equivalences in SH(fc) are detected by 7r^ (•)*, essentially by construction [18l 
Proposition 5.1.14], 

The hrst claim of the Theorem then follows, since under (a) we assume E 
connective, and under (b) we assume E compact and all compact objects are 
connective. Indeed SH(fc) is generated (as a localising subcategory) by the 
compact objects S°°A' + (*) for j G Z and X G Sm(k ) (see e.g. [25], Lemma 2.27 
and paragraph thereafter); it follows from general results [22] Lemma 2.2] that 
SH(/c) cpt is the thick triangulated subcategory generated by the same objects. 
It follows that E G SH (k) cpt is obtained using finitely many operations from 
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(finitely many) objects of the form E°°X + (i), and all of these are connective 

H3, 

To explain the general argument, let us for now assume that k has charac¬ 
teristic zero. We will indicate at the end what needs to be changed in positive 
characteristic. 

By unramifiedness of strictly invariant sheaves, it is enough to show that 
7 T n ( X )* ( K) = 0 for all finitely generated field extensions K/k. We consider the 
filtration F,n n (E)*. We know that FnKu(^)* = 2 E„(-£?)* for some N sufficiently 
large, by slice-connectivity. I claim that for r >> 0 we have tv n (X)]y+ r (K) = 0. 
This claim proves the result. Indeed we have 2L n (-^)*/v = 0 by the Hurewicz 
Theorem m so 77 is surjective, whence the claim implies that n n (X)i(K) = 0 
for all i. 

We compute 


1 Ln (X) N+r (K) = (K^ w Kn (X) N ) tr (K) 

= (K^ W V r Kn(X) N+ r) tr (K) 

= (I r 7L n (X) N+r y r (K). 

Here the first equality is by Theorem [13l the second is by surjectivity of 77 , and 
the third is essentially by definition. It is thus enough to show that for some 
r >> 0 and for all L/K finitely generated, we have I{L) r = 0. Now K is finitely 
generated over fc, so K has finite 2-etale chomological dimension [291 Theorem 
28 of Chapter 4], say R. Then L also has 2-etale cohomological dimension 
bounded by R by loc. cit. Finally the resolution of the Milnor conjectures (see 
m for an overview) implies that I l {L ) = 0 for l > R. This concludes the proof 
in characteristic zero. 

If e = 2 then the functor SH(/c )2 —> DM(fc,Z[l/2]) is conservative on con¬ 
nective objects by Corollary [4] (compare the discussion of SH(fc)(7 in the last 
paragraph of this section), and the Theorem follows. 

If e > 1 and assumption (b) holds (i.e. E is compact), then the same 
argument as in characteristic zero applies, but with F, replaced by F, and the 
reference to Theorem [Hi] replaced by Theorem [TT] 

If e > 2 and assumption (a) holds, we still need to show that for K/k finitely 
generated we have n n (E)*(K) = 0. Let K p /K be a perfect closure. By Lemma 
m below, the natural map n n (E)*(K) —» n n (E)*(K p ) is injective. It is thus 
enough to show that the latter group is zero. For this we use the same argument 
as in characteristic zero; the only additional thing we need is to show that K p 
has finite 2-etale cohomological dimension, but this follows from finite dimension 
of K since they have the same etale site [30] Tags 04DZ and 01S4], □ 

Lemma 16. Let k be a perfect field of characteristic p > 0 and H * a homotopy 
module on which p is invertible. Let K/k be a finitely generated field and K'/K 
a purely inseparable extension. Then F[*{K) —>• H*(K') is injective. 

Proof. Let L/k be a finitely generated field extension and x £ L not a p- th root. 
Write L 1 = L{x 1 / p ). I claim that U*(L) —¥ FL^L') is injective. Once this is 
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done we conclude that H*(K) —» H*(K') is injective for any purely inseparable 
finitely generated extension (being a composite of finitely many extensions of 
the form L'/L) and hence for any purely inseparable extension by continuity. 

In order to prove the claim, we shall use the transfer : H*(L') —>• 

H*{L). This satisfies the projection formula: if a € H*{L) then tr L i/ L a\L> = 
ti'L'/Li l)a, where 1 £ GW(L') is the unit. (This is because transfer comes 
from an actual map of pro-spectra S 00 Spec(L) + -*• E°° Spec(L') + .) Hence 
it is enough to show that t := tr^/ l{ 1) is a unit in GW(L)[l/p). But t = 
Ef=i((-l) I “ 1 )- Indeed this may be checked by direct computation, using the 
fact that (cohomological) transfers on coincide with Scharlau tranfers, as 

follows from their definition [2Tj, Section 4.2] and Schrlau’s reciprocity law [27l 
Theorem 4.1]; this is explained in more detail in [3., Lemma 2.2]. To show that 
t £ GW(L)\\./p] is invertible, it is enough to consider the canonical images in 
dim(t) £ Z[1 /p] and cl(t) £ W{L)[l/p}. We know that dim{t) = p is invertible 
by design. If p = 2 then W{L)[\/p] = 0 [151 Theorem III.3.6], so cl(t) is clearly 
a unit. Otherwise we have that t = ^-((1) + (—1)) + 1 and so cl(t) = 1 is also 
invertible. This concludes the proof. □ 

We note that the theorem can definitely fail if k has infinite 2-etale cohomo¬ 
logical dimension. See [2] Example 2.1.2(4)] for an example. 

We also obtain the Pic-injectivity result in this case: 

Theorem 17 (Pic-injectivity). Let k be a perfect field of finite 2-etale cohomo¬ 
logical dimension and E £ SH(fc) be invertible. If ME ~ Z then E ~ S . 

(Here Z, S denote the respective tensor units of DM(/c), SH(fc)). 

Proof. Invertible objects are compact because the unit is, so we can use the 
conservativity theorem. Since Z £ DM(i)>o it follows from the “more specifi¬ 
cally” part that E £ SH(fc)>o- Let a £ Hom(Z, ME) be an isomorphism. We 
have Hom(Z, ME) = h 0 (ME) 0 (k ) = ( 2 T JO (E)/r])o(k) = n 0 (E) 0 (k)/riTr JO (E)i(k). 
It follows that there exists a £ n 0 (E)o(k) = Hom(S l , E) such that Ma = a. 
Conservativity implies that a is an isomorphism. This concludes the proof. □ 

The remainder of this paper deals with the situation in which cc? 2 (fc) cannot 
be finite, namely the order able fields. We shall thus not concern ourselves with 
imperfectness problems, since we are really only intersted in characteristic zero. 
We begin with the following. 

Lemma 18 (Bondarko [2]). Let k be of characteristic zero and finite virtual 
2-etale cohomological dimension. 

Let E £ SH(fc) be connective and slice-connective, and suppose that 2 n ids = 
0. Then if ME £ DM(lj>„ also E £ SH(/c)>„. In particular if ME = 0 then 
E = 0. 

Proof. We may assume that E £ SH(/c)>o and prove that 7 l 0 (E)» = 0. By 
induction it will follow that 7^(1?)* = 0 for all i, and so E = 0 because the 
homotopy t-structure is non-degenerate. 
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Suppose that E £ SH (k) e ^(-N) (this is true for some N because E is 
assumed slice-connective.) By the same arguments as in the proof of Theorem 
m it suffices to show that for any finitely generated extension K/k there exists 
r » 0 such that for any finite extension L /K we have that I(L) r 7 r 0 (.E) n+ r = 0. 

Write vcd ,2 for the virtual 2-etale cohomological dimension. Then iic<i 2 (A') < 
oo and ucd 2 (L) < vcd, 2 {K) [23 Theorem 28 of Chapter 4]. If r > ricd 2 (A) + 
n then I(L) r = I(L) r ~ n 2 n [7]. But then I(L) r n 0 (X)N +r (L) = 0 because 
7 T J 0 (X)N+r(L) is a 2”-torsion group. This concludes the proof. □ 

We will now begin to have to deal with quite many tensor categories at once. 
We will write 1 = Ip for the unit in any tensor category C. Thus for example 
IsH(fc) = S. We write SH(fc ) 2 for the 2-localised version of SH(fc). This is 
the full (colocalising) tensor triangulated subcategory of all objects E £ SH(fc) 
such E E is an isomorphisms; equivalently all the homotopy sheaves 7 ^( 2 ?) 
are uniquely 2-divisible. The unit lsH(fc ) 2 the spectrum S 2 = hocolim(S' —> 

S -4 S 4 ...) and the localisation SH(fc) —> SH(fc ) 2 C SH(fc) is given by 
smash product with S 2 ■ 

Recall that the category SH(/c ) 2 naturally splits into two parts. Indeed 
End{ l) SH (fc ) 2 = GW(k)[ 1/2] = W(k)[ l/2]®Z[l/2] [13 Theorem 6.2.1, Remark 
6.1.6 (b)] [211 Chapter 3 and Theorem 6.40]. More specifically one puts e = 
— (—1) £ End( 1). Then e 2 = 1 and hence e± = (e ± l)/2 are idempotents 
and induce the decomposition. We write SH(A:)^" for those E £ SH(fc ) 2 where 
e acts as -1, and SH(fc)^" for those E where e acts as +1; then every object 
E £ SH(fc ) 2 can be written uniquely as E = E + © E~, with E± £ SH(fc)±. 
Note that r][— 1] = —e — 1 = —2 on SH(fc)^", so 17 is invertible on SH(fc)^". 

Corollary 19. Let k be of characteristic zero and finite virtual 2-etale coho¬ 
mological dimension. If E £ SH(fc) is connective and slice-connective, and 
AIE = 0, then E £ SH(/c)^. 

2 

Proof. Let F fit in the distinguished triangle E —> E —»• F. We have 4 k1f = 0 

2 

and so the above Lemma applies: F = 0. We conclude that E —» E is an 
isomorphism, whence E £ SH(fc) 2 . Then ME = AI(E + ) © AI(E~). We have 
M(E~ ) = 0 (on UME~ the map rj is zero, but it is also an isomorphism since 
it comes from 77 on E~), thus M(E + ) = 0. But M : SH(fc)^" — > DM(fc, Z[l/2]) 
is conservative on connective objects by Corollary [I] and Theorem [5] (note that 
77 = 0on7y^ /l ’ [1/2]" = 1/2]). Thus E + = 0. This concludes the proof. □ 

Note also that if k is of arbitrary characteristic but has finite 2-etale coho¬ 
mological dimension then k is non-orderable, so W(k)[ 1/2] = 0 16l Theorem 
III.3. 6 ] and SH(fc)^" = 0. Thus SH(fc ) 2 —> DM(fc,Z[l/2]) is conservative on 
connective objects in this case. This finishes an argument in the proof of The¬ 
orem m 
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5 Witt Motives, Real Motives and the Real Etale 
Topology 

Write EMWk[ 1/2] for the spectrum (,Sy )<q. This is the spectrum corresponding 
to the homotopy module which in each term is just W[l/2], the sheaf of unrami¬ 
fied Witt groups with 2 inverted. It is a ring spectrum in an appropriate sense, so 
we can form a model category EMWk[l/2]-M.OT> and its associated homotopy 
category Ho{EMWk[l/2]-MOV) =: EMWk [l/2]-Mod. There is the usual ad¬ 
junction F : SH(fc) ^ EMW k { l/2]-Mod : U, with UFX = X A EMW k [ 1/2], 

Since EMWk[ 1/2] G SH(fc)> 0 the category EMWk[ l/2]-Mod affords a t- 
structure and the functor U is f-exact. (This is well known but also follows 
from the alternative description of SMWfc[l/2]-Mod to be given below.) For 
X G Sm{k) we will abuse notation and write FX for F E°°A + . 

In fact we can describe EMWk [l/2]-Mod more explicitly as follows [fl 
Corollary 6]. Start with the category of complexes of sheaves of W [1/2]-modules. 

This category is abelian, so we may form its derived category T>. This is com¬ 
pactly generated tensor triangulated. Consider the subcategory £ of those h- 
brant complexes X * such that the natural maps A'* —>• Hom fA 1 , A*) (coming 
from pull-back) and X* —> Hom(Z<G m ,A*) (coming from the structure as a 
W-module and the identification W = Hom fZGm, W)) are quasi-isomorphisms. 

Then £ is equivalent to EMWk [l/2]-Mod. We conclude also that ( EMWk [1 /2]-Mod) < ' :> C 
SH(fc)'' ? consists of those homotopy modules M* such that 2 is invertible and rj is 
invertible, i.e. the natural map r/ : M * —> M*_i is an isomorphism. Equivalently 
this is the category of strictly A 1 -invariant sheaves of W[l/2]-modules F such 
that the natural map F —»• £IF = Hom(ZG m ,F) coming from the W- module 
structure is an isomorphism. 

Lemma 20. The functor F : SH(fc)^ — > EMW^/^-Mod, is conservative on 
connective objects. 

Proof. This follows from the above discussion, Corollary [4] and Lemma [5] □ 

We shall make good use of the next result, even though the proof is very 
easy. Recall that an object E in a symmetric monoidal category C is called 
rigid if there exists an object DE such that the functors <%)E, ®DE are both 
left and right adjoint to one another. Rigid objects are preserved by tensor 
functors since they are detected by the zig-zag equations [IT , Theorem 2.6]. If 
C is a tensor triangulated category then the subcategory C rig of rigid objects is 
a thick tensor triangulated subcategory [9] Theorem A.2.5]. 

Lemma 21. Let F : C ^=> T> : G be an adjunction of symmetric monoidal 
categories. Assume that F is a tensor functor and that the natural map 1 —>■ 

GF1 is an isomorphism. Then the restricted functor 

F : C rig ->• V 


is fully faithful, where C rig denotes the subcategory category of rigid objects. 
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IfC,T> are triangulated, F,G are triangulated functors, C is compact-rigidly 
generated and F preserves compact objects, then F is fully faithful on all of C. 

We note that for the second part, F preserves compact objects for example 
if T> is also compact-rigidly generated. More generally, this is true if G preserves 
coproducts. 

Proof. For X , Y £ C” 9 we have 

[X,Y] = [DY®X, 1] = [DY®X,Gl] = [F{DY®X), 1] = [DFY®FX, 1] = [FX, FY]. 

Here we used that tensor functors preserve duals. 

For the second statement, it is enough to show that under the additional 
assumptions, for any X £ C we have X — > GFX is an isomorphism. By compact 
generation, it is enough to show that [T, X] = [FT,FX] for all compact T. Let 
A be the class of objects in X £ C such that [T, X] = [FT, FX] for all compact 
T. Then A contains all compact (so rigid) objects, by the first part. Additionally 
A is closed under isomorphisms and shifts, and also arbitrary sums (because F 
preserves compact objects). Hence A consists of all objects of C, by compact 
generation. □ 

We now have to introduce the real etale topology. To any scheme A' one 
may functorially associate a topological space (in fact locally ringed space) 

R(X), called its “realification”. If X = Spec(A) then one writes Sper(A) := 
R(Spec(A)). The points of R(X) are pairs (P, a) where P £ X and a is an or¬ 
dering of the residue field k(P). We call a family of etale maps { ck* : A,; —> X} a 
real etale covering (or ret-covering) if the induced maps Riaf) : R(Xf) —> R(X) 
are jointly surjective. For example, if X = Spec(k) where k is a field, then R(X) 
is the set of orderings of k, and a family of separable field extension li/k defines 
a ret-covering { Specif) —> Spec(k)} if and only if every ordering of k extends 
to one of the li. 

The ret-coverings define a topology on schemes [28] (1.2)]. We write a r ^ t for 
the associated sheaf functor, in various situations. Write W for the presheaf of 
Witt groups. 

Lemma 22 (p2j, Lemma 6.4 (2)). The sheaf on i S W[ 1/2] is a sheaf in the ret- 
topology on Sch/ Z[l/2]: for a scheme X such that 2 is invertible on X, the 
natural map 

(a Nis W[ 1/2])(A) (a r6t W[ 1/2])(W) 

is an isomorphism. 

Corollary 23. For any field k of characteristic not two, the sheaf W[l/2] on 
Sm(k) is a sheaf in the ret-topology. 

Proof. Recall that the (Nisnevich!) sheaf of unramified Witt groups W is just 
the sheaf associated (in the Zariski topology) to the presheaf W of Witt groups 
El Theorem A], □ 
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We now consider a “ret-version” of the category £MWfc[l/2]-Mod and de¬ 
note it (£MWt[l/2]-Mod) r ' et . We can describe it either as the Bousfield lo¬ 
calisation of EMW k [l/2\-Mod at the ret-hypercovers, or as the category con¬ 
structed from chain complexes of ret-sheaves of IT [1/2] modules by the same 
process as EMWk[ l/2]-Mod is constructed from chain complexes of Nisnevich 
sheaves. Either way we find an adjunction 

L : EMW k [ l/2]-Mod ±4 {EMW k [ l/2]-Mod) r ^ : i. 

Here the left adjoint is tensor. 

Lemma 24. If k is a field of characteristic zero, then L is an equivalence of 
categories. 

Proof. We wish to apply Lemma [21] For this we need to show that 1 £ 
EMWk [l/2]-Mod has ret-descent, i.e. that iLt ~ 1. We follow the same 
strategy as in [121 Theorem 6.6]. For X £ Sm(k ) we have that [FX[—p], 1] = 
H p ms (X,W[ 1/2]) and [FX[-p],iLl] = H p , t (X,W{ 1/2]). Moreover H p Nis (X,W[l/2}) 
Hret(X,W.[ 1/2]) by corollary l23l and [281 Proposition 19.2.1]. Since the objects 
FX generate i?MITfc[l/2]-Mod (recall that rj is an isomorphism in this cate¬ 
gory), we conclude that 1 satisfies ret-descent. 

In order to apply the strong version of Lemma. l2ll first note that EMWk [1 /2] 
is compact-rigidly generated. Indeed SH(fc) is [Hj; and the functor F preserves 
compact-rigid generators, since it is tensor and its right adjoint commutes with 
arbitrary sums. 

Next we need to show that L preserves compact objects, or equivalently 
that i preserves arbitrary sums. For this, let J be an indexing set and Ej £ 
(FMWfc[l/2]-Mod) ret C EMWk [1 /2]-Mod for j £ J. We wish to prove that 
f ©, e j E J ~ ® jgJ iE). Write T = ® ; iE :j . Observe that i ® /gJ Ej = iLT. 


Now for X £ Sm(k) there are spectral sequences 

HV ia {X tE<l T)=i>[FX[q-p],T\ (1) 

H p r . t (X,n q T) => [FX[q —p\,iLT]. (2) 

0 H p ms (X, n q Ej) => ®[FX[q - p\,Ej] (3) 

3 3 

0^ t ( X^Ej) => ($lFX[q-p\,iLE 3 }. (4) 

3 J 


These spectral sequences converge completely provided that the ret and Nis¬ 
nevich cohomological dimensions of X with respect to the sheaves occurring 
are finite. But both ret-cohomological dimension and Nisnevich dimension are 
always bounded by dimX [TS] Example 12.2] (25] Theorem 7.6]. 

We have n q T = ®^ 7r q Ej since FX £ EMW k \ l/2]-Mod is compact. Nis¬ 
nevich cohomology commutes with filtered colimits [30] Tag 0739] and the same 
is true for ret-cohomology [28] Proposition 3.2(b)]. Consequently the left hand 
sides of © and © are the same, and similarly for © and 0- By complete 
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convergence we conclude that the right hand sides of (HD and © are the same, 
and similarly for @ and 0. But the right hand sides of (0 and 0 are the 
same by assumption (i.e. each Ej being ret-local), so the right hand sides of 0 
and 0 must be the same. 

Since X £ Sm{k) was arbitrary and the FX generate EMWk [l/2]-Mod, 
this is what we wanted to prove. □ 

Note that if k is perfect of positive characteristic, then EMWk[ 1/2] = 0 so 
the Lemma is trivially true. 

This rather abstract result has many interesting applications. 

Corollary 25. Let k be a field of characteristic zero. 

Let F be a Nisnevich sheaf of W_[l/2}-modules on Sm(k) which is strictly 
homotopy invariant and such that the natural map F —> f IF is an isomorphism. 
Then for any p > 0 and X £ Sm(k) we have H^ is (X, F) = HF t (X, F). 

Proof. This just says that EMWk [l/2]-Mod and (EMWk [l/2]-Mod) ret have 
the same hearts. □ 


Corollary 26. Let k have characteristic zero and lj/k be field extensions, j £ J 
some indexing set. Assume that every ordering of k extends to an ordering of 
one of the lj, i.e. that {Spec(lj ) —> Spec(k)}j is a ret-covering. Then the 
functor 

EMW k [1 /2] -Mod -s- Yl EMW t . -Mod 
i&J 


is conservative. 


Proof. The base change functor is f-exact and so commutes with taking homo¬ 
topy sheaves. By the previous corollary all of the homotopy sheaves are sheaves 
in the ret-topology, so it suffices to show that 

Shv r £t{Sm{k )) —> Shv r £t(Sm(lj)) 

j 

is conservative. This is essentially clear, since {Spec(lj) —» Spec(k)}j is a ret- 
covering. □ 

The above lemma shows that for our purposes, in studying EMWk [1 /2]-Mod 
we may assume that k is real closed. It turns out that in this case the field is 
essentially irrelevant. Before we can prove this, we need to recall a result from 
semi-algebraic topology. 

Theorem 27. LetK/k be an extension of real closed fields andX/k a separated 
scheme of finite type. Then for any presheaf of abelian groups F and any p > 0, 
the natural map 

H p r4t (X,F)^H p r4t (X K ,F) 

is an isomorphism. 
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Proof. Associated with X we have the real etale site X r gt, the topological space 
R(X), and a further site which we shall denote G(A') and which is called the the 
geometric space associated with X in [5] (this reference requires the finite type 
and separatedness assumptions). The toposes associated with X r £ t and R(X) 
are equivalent [25] Theorem 1.3], and the toposes associated with G(X) and 
R(X) are also equivalent [5] Proposition 1.4]. Finally, the comparison result is 
proved for cohomology in G(A) in [5] Theorem 6.1] (take $ = 0). □ 

Proposition 28. Let f : Spec(l) —>• Spec(k) be an extension of real closed fields. 

The functor f* : EALWk[l./2]-Mod EMWi[l/2]-Mod is an equivalence of 
categories. Moreover, both categories are generated by the tensor unit. 

Proof. We first show that the functor is fully faithful. We wish to apply 
Lemma 1211 Certainly the functor /* is tensor with right adjoint /*, and both 
EMWk[ l/2]-Mod and EMWi[ l/2]-Mod are compact-rigidly generated (as we 
have seen for example in the proof of Lemma 1271) . It remains to show that 
/*/*! ~ 1. Since the FX for X £ Sm(k ) generate EMWk [l/2]-Mod, this 
amounts to comparing [FA[-p],l] = H P (X,W[ 1/2]) and [FX[—p\, /*/*!] = 
[FXi[— p],l] = H p (Xi,W_[ 1/2]). Here H p refers to either Nisnevich or ret- 
cohomology (they coincide as we have seen). Thus we conclude using Theorem 
[271 and Corollary ESI 

Next we need to show that the functor is essentially surjective. To do this 
it suffices to show that EMWk [l/2]-Mod is generated by the tensor unit 1. 

For this it is enough to show that if F £ (FMB4-[l/2]-Mod) < ' :: ’ is a sheaf such 
that F(k) = 0 then F = 0. Now F is unramified, so it is enough to show that 
F(K) = 0 for every finitely generated field extension K/k. But Corollary 1251 
applies and thus F is a ret-sheaf. Hence it suffices to show that F(K r ) = 0 for 
every real closure f : K K r —>• k. But this just says that [f*l,f*F] = 0, 
which we know is true because [/* 1, f*F] = [1, F] = F(k) by the full faithfulness 
we already proved. □ 

Proposition 29. The category EMW^-Mod is canonically equivalent to F(Z[l/2]). 

Proof. For this recall the real realisation functor R : SH(M) —> SH [6] Section 
5.3]. It has a right adjoint R*. (Actually Dugger constructs a functor to Z/2- 
equivariant stable homotopy by considering complex points with the conjugation 
action; our functor is obtained by composing with the geometric fixed points. 

All of these functors have right adjoints.) 

Recall that EMWm [1/2] = (5^“)<o- It is clear that RS = S and (since R 
is a left adjoint) RS 2 = S 2 . One checks directly from the definitions that the 
map rj is taken by R to an isomorphism, and the plus-projector is taken to zero. 
Consequently RSif = S- 2 - As usual it is easy to check that R* is left-t-exact, so 
R is right-t-exact by Lemma [5] Thus we find a natural map 

R(EMW*[l/2]) = R((Sf)< 0 ) (R((Sf )< 0 ))<o = F(F 2 -)< 0 = (S 2 )< 0 = HZ[l/2], 

where we have used Lemma [2] 
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Consequently we can construct an enhanced realisation 

R w ■ EMW R [l/2]-Mod <=> HZ[l/2]-Mod = D{Z[ 1/2]) : R^. 

The map R(EMWr[1/2]) H Z[l/2] corresponds by adjunction to a map 
EMWr[1/2] —» R*H Z[l/2], which is the underlying map of the canonical map 
1 —> R^Rw 1. I claim that this map is an equivalence. By Proposition l28l the 
category EMWr[1 /2]-Mod is generated by 1, whence it is enough to show that 
[1[—p],l] —> p],Rw^] is an isomorphism for all p. But the left hand 

side is H^ fis (Spec(M.),W_[ 1/2]) and the right hand side is Hg ing (*, Z[l/2]), so 
this is immediate. 

Thus by Lemma [21] we find that Rw is fully faithful, and since it has dense 
image it is an equivalence. □ 

It is amusing to note that as a corollary to this proposition, we find that 
for a Z[l/2]-module A and X/M. smooth we get [FX, A g> l[p]] = H!f et (X, A) = 
H^ ing (X(M),A). See 0 Theorem 5.7] for a stronger result. 

We remark that one may in fact show that the natural map R(EMWn[l /2]) —» 
H Z[l/2] is an equivalence, but this is more work. We also note that the compos¬ 
ite SH(R) —¥ £MWii[l/2]-Mod > UZ[l/2]-Mod is naturally isomorphic to 
the composite SH(R) SH —> 7JZ[l/2]-Mod, both of which we think of as 
the “motive (with Z[l/2] coefficents) of the spectrum of real points”. 

Corollary 30. Let k be a real closed field. The category EMWk[I/2\-Mod is 
canonically equivalent to D( Z[l/2]). 

Proof. Write Q r for the real algebraic numbers, i.e. the algebraic numbers 
contained in R. This is a real closure of Q. It is initial in the category of 
real closed fields. Consequently SMWfe[l/2]-Mod is canonically equivalent 
to £MW(jr[l/2]-Mod. By the canonical embedding Q r ^ R it is canonically 
equivalent to i?MWR[l/2]-Mod, which is (canonically) equivalent to D(Z[l/2]). 

□ 

The proof also shows that the equivalence is essentially functorial: if k 
l is an extension of real closed fields, then the autoequivalence D(Z[l/2]) « 
EMWk[ l/2]-Mod £’MWj[l/2]-Mod w D(Z[l/2]) is naturally isomorphic 

to the identity. Now let k be an arbitrary field (of characteristic zero) and a 
an ordering of k. Write k a for a real closure of ( k, a). We denote by M®[l/2] : 
SH(fc) ->• D(Z[l/2]) the composite SH(fc) -)• SH (fc CT ) EMW K - Mod w 
D( Z[l/2]) and call it the real motive associated with a. We have thus proved 
the following: 

Theorem 31 (Conservativity II). Letk be afield of characteristic zero. Assume 
that k has finite virtual 2-etale cohomological dimension. Write Sper(k) for the 
set of orderings of k. 

If E g SH(fc) is connective and slice-connective, and we have that 0 ~ 
ME £ DM(fc) and that for each a £ Sper(k), 0 ~ Af®[l/2](U) £ H(Z[l/2]), 
then E ~ 0. 


22 



Proof. Combine Corollary ITTJ1 Lemma l20l Corollary E51 and Corollary 1501 □ 

Remark. The author contends that the results in this section can be proved 
more directly by using transfer considerations. For example to prove Corollary 
[Tjl it seems like a good first step to prove: if k is a field of characteristic zero 
and R* is a homotopy module which is also a module over EMWk[ 1/2] (i.e. 2 
and p act invertibly on R*), then for any finitely generated field extension K/k 
and any real etale cover {Spec(Li) — > Spec(K)}i & i , the map 

H.(K) JJjT.(Li) 

iei 

is injective. Since R* affords transfers satisfying the projection formula, for this 
it is enough to prove that the ideal inside W ( K ) [1 /2] generated by tr L ./ K (W (Li)[1/2]) 
is all of W(K)[ 1/2]. This can be checked directly, using that W(K)[l/2] « 
T,[l/2\ Sper ^ K ' > (and similarly for the Li). 

A Compact Objects in Abelian and Triangu¬ 
lated Categories 

Here we collect some well-known but hard to reference facts about compact 
objects. Recall that if C is a category with (countable) filtered colimits then an 
object X £ C is called (countably) compact if for every (countable) filtering dia¬ 
gram {L\}AeA in C the natural map coliniA Hom(X, T\) —>• Hom(X, colim„ T\) 
is an isomorphism. 

Since triangulated categories do not usually have filtered colimits, this defini¬ 
tion would not make much sense. Instead an object X in a triangulated category 
C with (countable) coproducts is called (countably) compact if for every (count¬ 
able) family {Ta}a£A (here A is just a set) the natural map ® A Hom(X, T\) —>• 
Hom(X, 0 a J\) is an isomorphism. 

Finally recall sequential countable homotopy colimits in triangulated cat¬ 
egories. Suppose {L n ,/„ : T n —> T ra+ i}„ e N is a sequence in the triangulated 
category C. There is a natural map 

id —s : (J) T n —> T n , u (t\,t 2 , ■ ■ ■) | —> (H, £2 — / 1 L 1 , ^3 — / 2 ^ 2 , ■ • ■ )•” 

n n 

A cone on this map is denoted hocolim„ T n . 

Suppose AT is a countably compact object in the triangulated category C and 
{L n } is a sequence. After choosing a presentation as a cone, there is a natural 
map colim„ Hom(Ai, L„) —> Hom(Ai, hocolim„ T n ). This map is an isomorphism 
[22l Lemma 1.5]. 

Lemma 32. Let C be a t-category with countable coproducts and such that C^ 
satisfies Ab5. If {T n } £ C^ is a sequence of objects then there is an isomorphism 

hocolim,i T n ss colim„ T n . 
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Here hocolim n T n is computed in C by the above formula, and colim„ T n is com¬ 
puted in the abelian category . 

We recall that Ab5 means that filtered colimits are exact. This is true in 
many abelian categories, including HI*(fc) = SH^) 9 . 

Proof. The point is that because of Ab5 the sequence 

o^©r„^© T n —> colim„ T n —> 0 

n n 

is exact on the left (exactness at all other places follows from the definition 
of colimit). In any t-category short exact sequences in the heart yield distin¬ 
guished triangles in the triangulated category, so we are done by the definition 
of hocolim. □ 

Corollary 33. In the above situation, if E £ C >o is countably compact then so 
is ttqE £ C*. 

Proof. Let {T n } be a sequence in C^. We compute 

Hom(7To-E, colim„T„) = Hom(X, colim„ T n ) 

*■= Hom(X, hocolim„ T n ) 

*■= colim„ Hom(X, T n ) 

= colim„ Hom(7TQ X, T n ). 

This is the required result. (Here (1) is because colim„ T n £ C< o, (2) is by the 
lemma, (3) is by compactness of A' and (4) is because T n £ C< o.) □ 

B Construction of F,H’, General Case 

In this section k is a perfect field; we shall prove Theorem [IT] by constructing 
the relevant sheaves by hand and establishing the necessary properties. 

Suppose for a moment that we can show (1) to (3). In appendix 1X1 we proved 
that if A 1 £ SH(fc)ffg then also 7r 0 (A)* £ HI*(fc) is (countably) compact. (We 
also clarified the meaning of compactness there.) Statement (4) then follows 
from the observation that 

H*={jF n H*. 

n 

(Indeed ( F n H) n = H n by definition.) 

Thus we need only establish the following. 

Theorem 34. Let k be a perfect field, M* £ HI*(fc), and n > 0,m £ Z. Then 
the strictly invariant sheaf ( Mm) tr exists and satisfies Cl(K_^ w M m ) tr = 
(Kn^i M m ) tr - (We put (Ko IW M m ) tr = M m .) 
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To outline our strategy, we begin with two general observations. Recall that 
a presheaf M is called unramified if M(X) —> M(X^) is injective (here A( 0 ) 
denotes the set of generic points of X), M(X^) = ® i£Y(0) M( x) and one has 
M(X) = flaxen M(Ox,x )■ If O v C L is a dvr, we write k ( v ) for the residue 
Held and s = s v : M(O v ) M(k(v )) for the specialisation homomorphism. 

Proposition 35. Let M be a strictly invariant sheaf and I : Tk —> Ab a 
continuous subfunctor of M\jr k . Suppose that for each K £ Tk and for each dvr 
O v C K we have that s(I(K) fl M{O v )) C I(n(v)). 

There exists a unique unramified sub-presheaf I of M extending I : Tk —» Ab 
and with I(O v ) = I(K) fl M(O v ) for each K £ Tk and dvr O v C K. It is a 
Nisnevich sheaf and we have I{X) = M(X) <11(X^). 

Proof. We use ED Theorem 2.11]. This says that the functor I : Tk —t Ab 
together with the data I(O v ) and the specialisations inherited from M extends 
to a (unique) unramified presheaf, provided the data satisfies certain axioms 
called (Al) to (A4). In fact the theorem establishes an equivalence of categories, 
so / will be a subpresheaf of M. Moreover the axioms for / are all direct 
consequences of the axioms for M and our definitions, so we know that I exists. 

The formula I(X) = I(X^) H M(X) for all X follows from the formula 
being true for X = Spec(O v ), because I is unramified. 

To prove that I is a sheaf, let {U a } a be a Nisnevich cover of X and {i Q } a 
a compatible family, i a £ I(U a ). Then there exists a unique gluing i £ M(X) 
with i\u a = i a - We need to show that i £ /(A'), i.e. that i £ I(X^). Let 
£ G X(°). Since {U a } a is a Nisnevich cover there exists such that £ G U ati . 
It then follows that = (*|cv e )If = G /(£). This concludes the proof. □ 

Lemma 36. Let M be a strictly invariant sheaf and I a subsheaf such that 
I(X) = M(X) n /(Xi°)). Then I is strictly invariant if and only if for all 
L £ Tk we have Lt 1 (A} j ,/) = 0. 

Proof. We note that an arbitrary presheaf F is A 1 -invariant if and only if for 
each A', the map F(X x A 1 ) — > F(X) induced by the zero section X X x A 1 
is injective. In particular I is invariant, being a subsheaf of an invariant sheaf. 

By EH Theorem 5.46] we then know that / is strictly invariant if and only 
if iL 1 (»,/) is invariant. Let C = M/I be the Nisnevich quotient sheaf and 
consider the following commutative diagram with exact rows induced by the 
zero section I-jA'xX. A chase reveals that a is injective if and only if fl is 


H°{ A 1 x A, I) ^(A 1 x X, M) H°( A 1 xI,C)-> iL 1 (A 1 xI,/)-> H 1 (A 1 x A, M) 

« Ti a fi 

H°( A, /)-> H°( A, M) H°( A, C) -> H x {X , I) -> H'fX, M) 


injective. Hence I is strictly invariant if and only if C is invariant. 
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Now let X be Nisnevich local with fraction field K , and consider the following 
commutative diagram with exact rows. 

/(X) -> M(X) -» C(X) -0 

1 1 h 

I{K) -> M(K) -> C(K) -0 

Since the left square is Cartesian by assumption, the morphism 7 is injective. 
Now let X be arbitrary. Since C is a Nisnevich sheaf, we conclude that the 
composite C(X) ->■ (f} xeX x) 0 l£ xC(frac(Ox,i)) is injective, and 

hence so is C(X) —> C(F). Here the sum is over all fields F £ Fk and 

all A-points of X. Now consider the following commutative diagram. 


C(X x A 1 ) 

I 

—^ Im^xA 1 ) - 

I 

* Sf^.YxA 1 C{F) 

C(X) 

1 

-> © M C(F) 



The top right map comes from the fact that Hom(Spec(.F), X x A 1 ) = Horn (Spec(F), X) x 
Hom(Spec(.F), A 1 ). By what we just said the top composite is injective and 
hence so is a. Thus the left vertical map is injective if the right one is. That 
is, C is invariant if (and only if) C(F xA 1 )-) C(F) is injective for all F £ Fk, 
which (going back to the first diagram) is the same as H l (F x A 1 , 1) =0. This 
concludes the proof. □ 

We now need some more facts about homotopy modules. Recall that if M is a 
sheaf with a ZG m -module structure and A is a line bundle on X , then one writes 
M(A) for the sheaf tensor product M\x 8 >zc m Z[A X ], where Z[C X ](U) is the free 
abelian group on the trivialisations of C\u- The sections are denoted M ( U , A) := 
M(C)(U). If C is trivial on the affine U , then M(U,C) = M(U) x~o^{u) A(t/) x , 
where C{U) X is the set of generators of the free rank one 0([/)-module A(/7). 

Thus M(U,C) is isomorphic to M(JJ) for such U , but not canonically so. 

If M* is a homotopy module then each M m is a ZG m -modulc, via the natural 
map ZG m — > K_q IW , a (a). This is the only ZG m -module structure we shall 
use for twisting. It follows that M*(A' ® A® 2 ) « M*(A'), canonically. 

If x £ X, we put A x = A max (m x /rrix), where m x C &x,x is the defining 
ideal. This is a one-dinrensional fc(ir)-vector space. It turns out that there is, 
for x £ X^ and X connected, a natural boundary map d x : M*(fc(X)) —>• 
M*_i(fc(a;), A^) rendering the following sequence exact [51,; Chapter 2] 

0 —»• M*(X) —► M*(fc(X)) —>• 0 M*_\(k(x),A x ). 

If x £ X^ and tt is a uniformizer of the dvr i.e. n generates m x , then we 

are provided with a trivialization of A x , and so an isomorphism M*{k{x), A x ) rss 
M*(k(x)). It follows that d x corresponds to a morphism d x : M*(fc(X)) —>• 
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M*_i(fc(a;)). This morphism is in fact related to the specialisation morphism as 
follows. 

Proposition 37. Let O v C K be a dvr with uniformizer 7 r, Af* a homotopy 
module. Write s : M*(O v ) —>• M*(k(v)) for the specialisation and d 71 : M*(K) —> 

M*_ i(k(v)) for the boundary. Put 

s ,7r : M*(K) M*(n(v)),s v (m) = (-l)cF([— 7 r]m). 

TTien t/ie following hold. 

(i) For m G M*(O v ) we have s 7r (m) = s(m). 

(ii) For a G K_* IW (K),m G M*(K) we have s n (am) = s n (a)s*(m). 

(Hi) For a G K_(f w (K),m G M*(K) we have 

d n (am) = d^{a)s v {m) + s"(a)d”(m) + d* {a)[-l]d n {m). 

Proof. We begin with two preliminaries. Firstly, if Af* = K^ ln , then all of the 
relations hold by ED Lemma 3.16]. 

Secondly, suppose that a G K^ IW (O v ) and to G M*(K) (respectively a G 
K_(f w (AT) and to G M*(0„)). Then we have d' K {am) = s(a)d n (m) (respectively 
d^(am) = d’ K (a)s(m)). To see this, one goes back to the geometric construction 
of d* as in ED Corollary 2.35]. That is we observe that after canonical identi¬ 
fications, d n corresponds to the boundary map d : H°(K,M *) —> H);(O v ,M*) 
in the long exact sequence for cohomology with support. Our claim then fol¬ 
lows from the observation that for any sheaf of rings K and if-module M, the 
boundary map in cohomology with support satisfies our claim. This is easy to 
prove using e.g. Godement resolutions. 

Statement (i) follows now from d*{\— 7r]) = (—1). 

We can prove statements (ii) and (iii) most quickly together. To do this, 
let K_ I 'J W {K)[(\ be the graded-e-commutative ring with f in degree one, £ 2 = 

£[— 1] and let Af*(A')[£] := Af*(if) © A/*_i(if)£ be the evident (if)[£]~ 

module. Put 0 : Af*(AT) —> A/*(k(u))[£], 0(a) = s 7I '(a) + d’ K (a)^. (Compare f?TI 
Lemma 3.16].) Then (ii) and (iii) are equivalent to O(am) = 0(a)0(ro). It 
is sufficient to prove this on generators a of (A ). Moreover (ii) and (iii) 

for a G Kf rw (O v ) hold by the second preliminary point. It follows from ED 
Theorem 3.22, Lemma 3.14] and standard formulas in Milnor-Witt K-theory 
that K^ IW (AT) is generated by Kff IW (O v ) together with [ 7 r]. Hence to establish 
(ii) and (iii) we need only consider a = n. 

These are easy computations: s’ i '([7t]to) = 7t][7t]to) = 0 because [—7r][7r] = 

0 [2D Lemma 3.7 1)] and also s 7I '([7r]) = 0, so s 7I '([7r])s 7I '(TO) = 0 = s 7I '([7t]to) 
as desired. Similarly t]to) = ^(([—1] + (—1)[—7t])to) = [— 1]cP(to) + 

(—l)cP([—7r]m) and this is the same as 9 7I '([7r])s ,I '(TO)+s 7r ([7r])9 7r (TO)+9 7, '([7r])[—l]9 7r (m) 
because cP([7r]) = 1 and s 7I '([7r]) =0. □ 
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Finally we come to transfers. Write ui for the canonical sheaf. Then by EH 
Chapter 5], there are absolute transfers Trj^ : M*(L,u>) —>■ for any 

finite extension / : Spec(L) —> Spec(K) in Tk- These satisfy many properties, 
for example the projection formula Tr^(/*(a)m) = aTr^(ro) whenever a £ 
K^ W (K), m £ M*(L). It follows that for a line bundle C on K there exist 
natural transfers M*(L, /*(£) <S> w) —» M*(K, Put v(f) = uj ® /*(w) -1 . 

Then we find the twisted transfer M*(L,i/(/)) —> M*(K). We shall need the 
following result, which says that the transfers on fields extend to arbitrary finite 
morphisms. 

Theorem 38 ({2T|, Corollary 5.30). Let f : X' —>• X be a finite morphism of 
essentially k-smooth schemes. Then there is a commutative diagram 


M*(X>(/)) -> M*(X'«V(/)) 

[ Tr 

M*{X) -> M*(X(°)) 


» ® l£ x-(i) M*- X (k{x),v(f) ® A*') 

Tr 

■> ®xexw 


Here the middle vertical arrow is the transfer just defined. If £ € X 'W 
then we have v(f) ® Aff « oj (g> f*(uJx )~ 1 and hence there is a natural transfer 
v(f) ® A* ) -jJlf t _i(fc(/(a;)),ALj). The right vertical map is just 
the evident sum of such transfers. The left horizontal maps are injective, so 
the theorem asserts that the right square is commutative and that the unique 
vertical map on the left making the diagram commutative exists. 

We now put 


(K™ w M m ) tr (K) = (Tr L K (K™ w (L,v(L/K))M m (L))) L/K . 


This is the “correct” definition of [K^ w M m ) tr (K) , using twisted absolute 
transfers. But note that if we just choose some isomorphisms ujk ~ K and 
0J L « L, we get the composite K n (L)M m {L) c M n+m (L) ss M n+m (L,uj L ) — 
M m+n (K, lok) ~ M. m+n (K) and this has the same image as the “correct” trans¬ 
fer, so the twists do not actually matter in some sense. 

Lemma 39. Let O v C K be a dvr with uniformizer ir. Then <9 7r M m ) tr (K) C 
(Kn^i M rn) tr {K(v)) C M n+m _! (k(v)), for each n > 0. 


Proof. Let / : Spec(L) —> Spec(K) be a finite extension and A the integral 
closure of O v in L. Then A is semilocal and finite over O v . Let Xi,... ,x n be 
the closed points. From Theorem 1381 we get the commutative diagram 


M n+m {L,v{f)) 

Tr 

M n+rn (K) 


®iMn+m-l{k( X i)iA^. <8>v(f)) 


EiTY 


M m+n -\{n{v),A® v ). 


The choice of n trivialises A® v and the bottom horizontal arrow becomes d n . Let 
a £ K_^ m ( L , v(f)) and to € M m (L). Then d v (Tr(am)) = Y,iTr{di(a))m) and 
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we see that it is enough to prove that d%(K^ w (L, u(f))M m (L)) c ( k(xi ), Aj).(g> 

v{f))M m {k{xi)). We note that ^(/) is (non-canonically) trivial so we can ignore 
that twist. 

We may thus forget about the extension L/K and just prove that d n (K_„ w (K)M m (K)) C 
K n _i(K)M m (K ) (renaming L to K). But this follows from Proposition [371 part 
(iii) and the fact that K_>q V (K) is generated in degree 1. □ 

Corollary 40. The purported sheaf (K r M m ) tr C M n+m exists and is unrami¬ 
fied. 

Proof. We want to apply Proposition [35l For this we need to show that if O v C 
I< is a dvr then s{(K™' w M m ) tr (K) H M n+m {O v )) C {K™ w M m ) tr { K (v)). Us¬ 
ing Proposition [37] part (i) we know that s(a;) = s v (x) = (—l)c? 7r ([—7r]cc) and so 
s((K™ w M m ) tr (K)nM n+m (O v )) C d”([-n}(K™ w M m ) tr (K)) c d* ((K™™ M m ) tr (K)) C 
(K. M m ) tr (k(v)) by the lemma. □ 

We next prove that (K^ IW M„l tr is strictly invariant. By Lemma [36] it 
suffices to show that H 1 (A 1 k , (K0f w Mm.) tr ) = 0 for each K G Tk- By what we 
have done so far, for X essentially smooth over k there is a complex of abelian 
groups 

{K^M m r{X)^[K^M m nxW)^ 0 (K^M m y r (k(x), Af). 

xexw 

(5) 

These fit together to form a complex of sheaves on the small Nisnevicli site of X 
(it is a subcomplex of the Rost-Schmid complex of M*, truncated in codimension 
one). We shall prove that if X has dimension one this is a Nisnevich resolution 
and then compute H 1 for X = A 1 k- 

Lemma 41. Let X he Nisnevich local of dimension one. Then the complex 
© is exact. In particular, for X of dimension one (not necessarily local), the 
complex is an acyclic Nisnevich resolution. 

Proof. The two sheaves on the right are acyclic by [2lj Lemma 5.42]. The kernel 
of the second differential is (K_^ w M m ) tr (X), essentially by definition. Thus the 
“in particular” part indeed follows from the first statement. 

So let X be Nisnevich local (still of dimension one), with generic point ?y and 
closed point x. We need to prove that d : (iL^™ Af m ) tr (^) — > M m ) tr (k(x) , A^) 

is surjective. Let 1/k(x) be a finite extension. Writing this as a sequence 
of simple extensions and lifting minimal polynomials of generators (which re¬ 
main irreducible by Gauss’ lemma), we can find a finite extension L/K with 
[L : I\] = \1/k(x)\ such that if / : X —> X is the integral closure of X in L then 
l is one of the residue fields of X. Note that X is connected and finite over X, 
so is in fact Nisnevich local (i.e. the spectrum of a Henselian local ring) [30] Tag 
04GH]. Let x be the unique point above x, so that l = k(x). From Theorem [351 
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and Lemma [351 we get the commutative diagram 


(K™ W M m )(k{X\u{f)) -► (K^M m )( K (x),v(f)® Af) 


Tr 

(K™ w M m ) tr (k(X)) -> (K^M m y r (n(x),A^). 


Tr 


Observing that v(f) is (non-canonically) trivial (and that l was arbitrary) it 
is thus enough to show that (K_^ IW M m )(r)) —> A^)M m (K(x)) is 

surjective (renaming X to X). 

Since k is perfect n{x)/k is smooth. It is then not hard to see (using the 
fact that X is Henselian) that x —» X affords a section, and so s : M rn (X) —> 
M m (n(x)) is surjective. Also d : K^ w (rj) — > K_ n _i(n(x),A*) is surjective 
because K_* IW is a homotopy module. So for a G (k(x),A^) an d to G 

M m {n{x)) we can find a' € K^f w (n) and m' G K m (X) with d(a') = a, s(m') = 
m and thus d(a'm') = am by a (very) special case of Proposition 1571 part (iii). 

This concludes the proof. □ 


Lemma 42. Let K G Tk- The differential 

(K^ w M m ) tr (K(T))^ 0 (Kf™M m ) tr {k(x), Af) 


is surjective. 

Proof. Fix xo G A 1 ^. It suffices to prove that given a G {K_n-iAIm) tr {^{x o), A£* ) 
there exists /3 G (K^ IW M m )(K(T )) such that d Xo (/3) = a and d y (f3) = 0 for 
y y xo- We may suppose that a is obtained by transfer from a finite extension 
L/k(x). Then L/K is also finite. 

Letting / : A> l ^K x k be the canonical map, as before we get a commuta¬ 
tive diagram 


(K.n IW M m )(L(T), v(f)) -> 

Tr Tr 

{Kjy w M m ) tr {K (T)) -> ® xeAim (K^M m y r (k(x),A^). 


We note that there is at least one point y 0 G A 1 ^ above xq G A 1 k with k(jjq) = 
k(xq) and that v(f) is (non-canonically) trivial. Hence it suffices to prove: 
given y 0 G A 1 ^ with n(y) = L and a G o),A^) there exists 

P € (K% IW M m )(L(T )) with d yo (/3 ) = a and d y {P) = 0 for y y y 0 . 

We may assume that a = cm with c G iLn-i ( K (yo), A* q ) and m G M m (K(yo)). 
Since A)* 1 ’ 1 is a homotopy module there exists d G K% IW (L(T)) with d yo (c') = 
c and d y (c') = 0 for y y yo. Moreover since n(yo) = «(y) the natural map 
M m (L ) —> M m (n(y)) is an isomorphism and we may choose m! G M m (L) map¬ 
ping to m. Then to' G M m (OA^ L , y ) for all y and hence d y {c'm') = d y (c')s(m') 
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for all y (including yo). Thus d yo (dm') = cm and d y (c'm') = 0 for y ^ y^. This 
concludes the proof. □ 


Thus {K n M m ) tr ) is strictly invariant, as desired. We also get essentially for 
free the following. 

Corollary 43. We have fl{K^ w M m ) tr = {K^M m ) tr . 

Proof. If K e T k then M m ) tr (K) = d£((K™ w M m ) tr (K (T))) = (ikn-T 

where 8q is the boundary map corresponding to the point 0 G A 1 ^. Indeed 
the first equality holds for every strictly invariant sheaf and the second holds by 
the lemma. Thus Vt(Kt m M rn )* r and M m ) tr are two strictly invariant 

subsheaves of M m+n _ i with the same sections on fields and hence equal. □ 

All parts of Theorem [3H are now proved. We cannot resist giving the follow¬ 
ing application. It is not used in the rest of the text. 

Corollary 44 (Compare |26|.L Let M* he a homotopy module which is tor¬ 
sion of exponent prime to the characteristic of k, and L/K an extension of 
algebraically closed fields. Then M*(L) = M*{K). 

Proof. We shall call any sheaf F with F(L) = F(K) rigid. Rigid sheaves are 
stable under extension, limit and colimit. 

Let K n = kerfrf 1 : M* +n —> M»). Then there are exact sequences 0 —>• K n —> 
A'„+i — > I\ n+ i/K n — > 0. Since p acts trivially on K n+ i/K n , this homotopy 
module affords transfers by Theroem[8]and so is rigid jI51 Theorem 7.20]. Also 
rj acts trivially on K\ , so this module is rigidy by the same argument. By 
induction we find that K n is rigid for all n (recall that rigid modules are stable 
under extension), and hence A'oo := colim„ K n is rigid. It is thus sufficient 
to show that M/K^ is rigid. We may thus assume that r] : M * + 1 —>• M* is 
injective. 

Next consider the exact sequences 0 —> := r] n (M* +n )/r] n+1 (M* +n+ i) —>• 

M*/r] n+1 AP +n+ i —y M*/r] n M* +n 0. By induction on n (starting at n = 0) 
using the fact that ry acts trivially on K^ and so AT(”) is rigid as before, one 
finds that M^/r] n M^ +n is rigid for all n. Let rf°(M )* = fl n r] n M„ +n . It follows 
that M*/r 7 00 (M)* is rigid, being an inverse limit of rigid sheaves. It remains to 
show that rf°(M) is rigid. 

Now ry was assumed injective on M. From this it follows that 77 is an iso¬ 
morphism on 77°°(M). So in particular from now on we may assume that 77 is 
surjective on M. 

Consider F\ M / FqM =: M'. It is straightforward to check that 77 acts triv¬ 
ially on this module, so it is rigid. On the other hand (FiM)i(K) = M\{K) 
whereas (F 0 M)i(AT) = K^ W (K)M 0 (K) = K^ w (K)rjMi(K) = /(AT)Mi(A') = 
0, since K is algebraically closed. Thus AI'(K) 1 = M(K) 1 and similarly for L, 
so we conclude that AI\ is rigid. The general result follows by replacing M* by 
M* +n . □ 
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